Byrne, Lambert and many other authors have shown that Pseudo-RungeKutta methods are less accurate than Runge-Kutta methods in the same order. In this paper, we shall present new Pseudo-Runge-Kutta methods which have order p*(r) = r + 2 (r = 2, 3, 4).
method. We see that there exists p-stage methods of order p + 2 for p = 2, 3.
We also discuss a choice of a free parameter of the methods. In Section 3, we prove the convergence of the methods. In Section 4, the local truncation error of the method is analysed. We give an estimate formula of the local truncation error.
In Section 5, we are concerned with systems of first order equations. In the last section, we present several numerical results. The results for 4-stage method of order 6 have been given in [7] . § 2. Numerical Method
In this section, we discuss the initial value problem :
where /(x, j>) is assumed to be sufficiently smooth on Q.
We introduce the following Pseudo-Runge-Kutta method :
(2.2) y*+i= In the above formula (2.2), the value y n is to be an approximation to the value X*n) °f tne solution of (2.1) for x n = x 0 + nh.
The coefficients a 2 , a 3 , b i (z = 0, 1, 2) and c t (i = 0, 1, 2, 3) are real constants to be determined. The special case fe 0 = fc 1 = c 0 = c 1 = w 0 = 0 in (2.2) is RungeKutta method. The case b 0 = c 0 = Q in (2.2) is due to Costabile [4] .
We define the local truncation error T(x n , z(x n )' y K) at x n of the method (2.2) by We also introduce an abbreviation z=i.
i=2
Assume that j w -z(x w ) = O(fi 5 ). Then by the Taylor expansion about (x n , _y n ), the formula (2.2) may be written as
The constants {A t }, {B t }, {CJ and {JDJ are and bound for C is C = 0.52.
We compare the formula (2.6) with other methods of order 4 and 5. We shall present some numerical results in Table II .
These results also show that the formula (2.6) yields better results. The method with w 3 =0. If we put w 3 = 0 in the formula (2.2), then it still gives 2-stages method of order 4. We may now proceed as in the case w 3 ^ 0.
The method (2.2) is of order 4 if
The local truncation error for this formula satisfies
Since the error bound is rather large, we compare this method with other method of order 3 by examples. These numerical results are given in Table I . § 3, Convergence of Our Method
In this section, we investigate the convergence of the method (2.2). Let e n be defined by Theorem. Let there exist constants L>0, N>Q and p>0 such that
and let lim 1^1=0.
h->0
Then the method (2.2) is convergent.
Proof. From (1), we have n -l9 x n , y n -l9 y n ; ft) 
Then the global error of the formula (2.2) is given by
where A l is a function of the starting value. The detailed proof is given in [9] . Let us now consider the following difference equation :
where the constants {a 7 -} and {bj} are real solutions of the following equations. In this section, we consider the numerical methods of the initial value problem for a system of ordinary differential equations:
The formula we seek is the form
In the above formula (5.2), the value Y n is to be an approximation to the value Y(x n ) of the solution of (5.1) for x,, = a + nh.
The coefficients W i (i = Q, 1, 2, 3) and q { (i = 0,..., 6) are real constants to be determined.
Using the same notation as in Henrici [6] and the bound for C is C = 0.09.
We can prove the stability of the formula (5.2) in the same way as in the proof in Section 3. The estimate formula of local truncation error is given by (4.5). We compare this method with other methods of order 4 and 5, and present some numerical results in Table IV.§ 6c Computational Results   In Tables I, II, III Computation are done in double precision arithmetic on the FACOM M-190 of Kyushu University. In Table I , the values y 1 necessary for the evaluation using the formulas (2.8) is computed by the Runge-Kutta method of order 4, and in Tables II, III , IV, the value y 1 necessary for the evaluations using the formulas (2.6), (4.3) are computed by Nystrom's method of order 5. Remarks. (1) Method E is the Process using (5.5).
(2) E, = y(x n )-y n , E 2 = -z(x n )-z n .
